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Abstract

The paper is concerned with the Bayesian analysis of point processes which are ob-
served with noise. It is shown how to produce exact samples from the posterior distri-
bution of the unobserved true point pattern given a noisy observation. The algorithm is
a perfect simulation method which applies dominated Coupling From The Past (CFTP)
to a spatial birth-and-death process. Dominated CFTP is made amenable by simulating
on an augmented state space. We discuss how to use this perfect simulation algorithm
in a statistical inference problem of pratical importance and describe the merits and the
limitations of the method.

1 Introduction

Point processes are versatile models for numerous applications, such as galaxies in astron-
omy, cell nuclei in cytology or maps of tree locations in forestry. Ideally, the data in form
of a mapped point pattern is produced by exact measurements and thus the point pattern is
observed without noise. For example, in forestry this is reasonable if the exact location of
each tree was measured. However, exact measurements are a rather expensive method of data
collection. More economical methods are usually availablebut, unfortunately, often lead to
noisy data. For instance, aerial photographs are an economic way of mapping large areas of
forest. Template matching as described in Larsen and Rudemo[13] may then be used to de-
termine possible tree locations even for photographs obtained under off-nadir viewing angles.
However, the irregular shape of tree tops, varying light conditions and motion due to wind
lead to noisy observations of the tree locations. The template matching procedure therefore
cannot determine the exact locations of the trees. Further noise may be introduced by not
observing certain trees or by identifying a tree where thereis none.

In mathematical terms, we may describe the mechanism which introduces noise into our
observations as the combined effect of random and systematic displacements, censoring, thin-
ning and/or superpositioning. Based on these point processoperations a model which de-
scribes the degradation of our observations can be defined, see [1, 2]. Given the noisy obser-
vations together with the true tree locations we may estimate the parameters of the degradation
model. In Dralle and Rudemo [1, 2] such a noise model is used for iterative least square esti-
mation which also yields a pairing of true and observed points. Lund and Rudemo [15] derive
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the conditional likelihood for the observed process given the true process. A training set of
true tree locations and their noisy observations is then used in a deterministic algorithm which
performs approximate maximum likelihood estimation of theparameters for the disturbance
model.

The conditional likelihood of the observations given the true locations may also be used
within a Bayesian approach, see [14]. Here inference is based solely on the observed point
pattern without knowledge of the true tree locations. A prior distribution for the true loca-
tions together with the likelihood of the observations given the true point pattern yields a
posterior distribution for the true point process given thenoisy observations. As common
for many point process models, the posterior distribution of the true tree locations given the
observed locations is not amenable to analytical examination. However, using Markov Chain
Monte Carlo (MCMC) we may sample the posterior distributionand use these samples within
Monte Carlo tests. In [14] a Metropolis-Hastings algorithmis suggested whose convergence
is monitored by time series methods. Although these convergence diagnostics may warn
when convergence has not been reached yet they do not guarantee convergence. The problem
of verifying convergence can be solved using perfect simulation methods, see [23, 3]. In this
paper we present a perfect simulation algorithm which allows for the exact sampling of the
posterior distribution in [14]. We apply a method calleddominated Coupling From The Past,
see [9, 10, 11, 7] to a spatial birth-and-death process and thus produce an exact sample of the
target posterior distribution.

This posterior distribution specifies a marked point process where the mark of each point
influences the distribution of its location. As we do not havea closed form expression for the
marginal distribution of the unmarked point process nor forthe conditional distribution of the
marks given the location of the points we cannot first sample the location of the points and
then sample the marks. Thus our method is an illustration on how to produce exact samples
from marked point process for which the marks cannot be sampled a posteriori.

In the following we first present the disturbance model whichspecifies the relation be-
tween the true and the observed point pattern. This is followed by a description of the pos-
terior distribution of the true point process (Section 2). Aconventional simulation algorithm
for this problem based on a spatial birth-and-death processis described in Section 3. Sec-
tion 4 contains an introduction to the perfect simulation method called Coupling From The
Past (CFTP). We then develop the perfect simulation algorithm for our problem in Section 5
and finally present the results thus obtained in Sections 6 and 7.

2 The posterior model

2.1 The degradation model

We assume that the observations are a degradation of the truepoint pattern. LetX � A denote
the true point pattern in the sampling windowA andY � A describe the observed point
pattern. The degradation model is defined through the following point process operations:

1. Thinning:
Some points of the true pattern are not observed, this is modelled using a thinning
procedure. Each pointXi 2 A of the true point pattern is independently thinned with
probability1� p(Xi) and retained with probabilityp(Xi). If a pointXi is thinned then
it does not lead to an observation pointYj 2 Y .

2. Displacement:
We assume that the position of each tree derived from the aerial photograph through
template matching suffers from a displacement. This displacement may be random
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or systematic. We model the observed locationYj of the true positionXi using a
probability densityk(�jXi) with respect to the Lebesgue measure onR2 .

3. Censoring:
Some of the displaced locations may fall outside the observation window in which case
they are not observed. These points are simply censored in our degradation model.
Thus, censoring of the observed location of a true locationXi occurs with probabilityp(Xi) ZAc k(yjXi)dy;
that is, if a point is retained and displaced outside the observation windowA.

4. Superposition:
Due to noise the template matching procedure may detect a tree location where there
is actually no tree. These ‘ghost’ points are modelled by an independent superimposed
Poisson process of intensityh(�jX).

To specify the above model we make the following distributional assumptions.

1. We assume homogeneous thinning, that isp(Xi) � p.

2. Furthermore, we assume that the superimposed Poisson process is homogeneous and
soh(�jX) � �.

3. Finally, we assume that the displacement follows a 2-dimensional Normal distributionN(Xi + �;�) where� = (�1; �2) is the systematic error and� = � �21 ��1�2��1�2 �22 �
is the covariance of the error.

Under the above assumptions the degradation model is thus completely specified by the
parameter vector� = (p; �; �1; �2; �1; �2; �).
2.2 The likelihood of the data

For a degradation model as described in the previous section, the conditional distribution of
the observed locations given the true locations was derivedin [15]. Consider the process(Xi; i 2 M) of true locations and the process(Yj; j 2 N) of observed positions. To sim-
plify expressions we introduce an auxiliary variableS, a ‘matching’ which specifies which
observationYj is caused by which true locationXi, which observations are ‘ghost’ points and
which true locations are not observed due to thinning or censoring.

Let jIj denote the cardinality of the setI. Furthermore, letP(M1; N1) be the set of
bijections from the finite setM1 into the setN1 which is of the same cardinality asM1. LetM = f1; : : : ; mg andN = f1; : : : ; ng and setVm;n = n(M1; N1; g) j g 2 P(M1; N1); M1 �M; N1 � N; jN1j = jM1jo:
We defineV = [1m=0 [1n=0 Vm;n and equipV with the�-algebra consisting of all subsets.
ThenS = (M1; N1; g) 2 V is a matching and has the following interpretation:

1. The pointXi; i 2M1 is observed asYg(i).
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2. The points(Yj; j 2 NnN1) are ‘ghost’ points.

3. Due to thinning or censoring, the points(Xi; i 2MnM1) are not observed.

Later on we use the shorthand notations(�) for the index of theY -point which is matched to
theX-point � by the matchings.

As derived in [15] the joint distribution of(Y; S) givenX = x and� factorizes asT (y; s j x; �) = L1 L2 L3 L4: (1)

Here the first factor L1 = pjM1j Yi2M1 k(yg(i)jxi; �;�);
corresponds to retained and displaced locations falling inside the sampling window. The
second factor L2 = Yi2MnM1 hpZAc k(yjxi)dy + (1� p)i:
derives from locations that were either thinned or retainedand censored. The third factorL3 = �jNnN1j exp�(1� �)jAjd�
is due to ‘ghost’ points and finallyL4 = I[s2Vjxj;jyj]
is an indicator function which ensures thats = (M1; N1; g) is a matching forx andy.

The likelihood ofY given(x; �) may be determined by marginalisation:L(yjx; �) = Xs2V T (y; s j x; �):
Unfortunately this sum does not simplify to a more compact algebraic expression. In the
following we will skip any reference to� in our notation, but assume that it is fixed and
known.

2.3 The prior model

The prior model describes our beliefs about the stochastic properties of the point process
describing the true tree locations. We consider the following three choices.

1. Poisson process:
A Poisson process describes complete spatial randomness, that is the absence of any
interaction, whether repulsive or attractive. We may regard the Poisson process as a
‘non-informative’ prior as it only contains information about the intensity of the true
tree locations. The density of a homogeneous Poisson process of intensity� with re-
spect to a unit rate, homogeneous Poisson process is given byf(x) = exp((1 � �)jAjd)�n(x) x � A:
Heren(x) is the number of points inx and the parameter� determines the intensity of
the process as�jAjd is the expected number of points of the process.

4



2. Strauss process:
The Strauss process [25] is a common choice for modelling repulsive point patterns. In
our context it is reasonable to assume repulsive interaction as the forest in consideration
was subjected to a thinning experiment. The Strauss processis defined by the densityf(x) = c �n(x) 
s(x); x � A
with respect to a unit rate homogeneous Poisson process onA. Here� is positive,0 < 
 < 1, andc is the normalizing constant. The exponentn(x) counts the number of
points in the patternx ands(x) the number of pairs of neighbour points, that is pairs of
points which are less than a distanceR apart. Notice that the interaction radius in this
point process model is restricted to the distanceR.

3. Markov point process with logistic interaction function:
We may assume that the interaction is not restricted to a certain radius but reduces con-
tinuously with increasing distance. This can be modelled using a pairwise interaction
Markov point process with a continuous interaction function H. The density of such a
point process with respect to a unit rate, homogeneous Poisson process is given byf(x) = c �n(x) Yi 6=jH(jjxi � xj jj);
wherejj�jj is the Euclidean distance inR2 . We consider the logistic interaction function:H(r) = 11 + exp(��(r �R))
with slope� > 0 andH(R) = 0:5. Note thatH(r) < 1 and so specifies a repulsive
interaction. As the distancer increasesH(r) tends to one which means the strength of
repulsion reduces with the increasing distance between twopoints.

In the following we will make use of the Papangelou conditional intensity of the prior
model. For a Markov point process with densityf the Papangelou conditional intensity is
defined as �(x; �) = ( f(x[f�g)f(x) for f(x) > 00 otherwise,

wherex is a point pattern and� is a single point inA. Thus, for a Poisson prior of intensity�
we have�(x; �) = �. For the Strauss process we have�(x; �) = � 
t(x;�)
wheret(x; �) is the number of neighbours of� in x. Finally, for a Markov point process with
logistic interaction function we have�(x; �) = � Yxj2xH(jjxj � �jj):
2.4 The posterior density

Our aim now is to sample the joint posterior distribution of the true point processX and the
matchingS given the observationy which is defined by the density�(x; s) = L(x; sjy; �) / L(x) T (y; s j x; �) (2)

HereL(x) is the prior density for the true point process andT (y; sjx; �) is defined as in (1).
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3 Markov Chain Monte Carlo

To produce samples of Markov point processes with varying number of points two alterna-
tive MCMC methods are commonly used: Metropolis-Hastings algorithms [5, 19] and spatial
birth-and-death processes [21, 18]. A description of a Metropolis-Hastings type algorithm
for the target posterior density in (2) can be found in [14]. In the following we use a spatial
birth-and-death process because its implementation in a perfect simulation algorithm is less
intricate than for a Metropolis-Hastings algorithm. The interested reader may find a descrip-
tion of a perfect Metropolis-Hastings algorithm for locally stable Markov point processes in
[11].

We begin with a short introduction to spatial birth-and-death processes and then develop
a spatial birth-and-death process which converges to our target distribution.

3.1 Spatial birth-and-death processes

Spatial birth-and-death processes are spatio-temporal point processes. At any given time the
spatial birth-and-death process forms a point pattern in the observation windowA. This
pattern changes at distinct time instances. The change can be either abirth, that is a point
is added to the current pattern, or adeath, that is a point is deleted from the current point
configuration. Since these changes depend only on the current point pattern, spatial birth-
and-death processes are continuous-time Markov jump processes.

Spatial birth-and-death processes can be characterised bya birth and a death rate. The
birth rate is a measurable functionb : 
 � A ! [0;1) such that

RB b(x; �)d� < 1 for all
bounded Borel subsetsB of A. Here the state space
 is the family of finite point patterns onA. Given the current configurationx at timet, the probability of a birth inB during the short
time interval[t; t+ s) is given bys RB b(x; �)d� + o(s).

The death rate is a measurable functiond : 
 � A ! [0;1). Given the current config-
urationx [ f�g at timet, the probability that� is deleted during a time interval[t; t + s) is
given bys d(x; �)+o(s). Conditions onb andd which ensure the existence and ergodicity of
the spatial birth-and-death process can be found in [21]. The rate of convergence of ergodic
spatial birth-and-death processes is examined in [18]. A description of a simulation procedure
for spatial birth-and-death processes can be found in [24].

A spatial birth-and-death process has invariant distribution with densityf and is time-
reversible if the detailed balance conditionf(x) b(x; �) = f(x [ f�g) d(x; �) (3)

is satisfied, wheref(x [ f�g) is assumed to be positive.
To sample from the target densityf often the death rate is chosen at unit rate, that isd(x; �) � 1, and the birth rate asb(x; �) = �(x; �), which is the Papangelou conditional

intensity off . The simulation evolves fromXt = x as follows: generate the waiting time until
the next event as an exponential variate of mean1=(RA b(x; �) d� + n(x)). With probabilityn(x)=(RA b(x; �) d� + n(x)) the event is the death of a point chosen uniformly among the
points inx, and with probability

RA b(x; �) d�=(RA b(x; �) d� + n(x)) it is the birth of a point� distributed according to the density which is proportionalto b(x; � ).
3.2 The target spatial birth-and-death process

We now determine a birth and a death rate which satisfy the detailed balance condition given
in (3) for the target density in (2). Essentially, our spatial birth-and-death process will consist
of two types of points. The first type of points are so-calledmatchedpoints. These are
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locationsxi to which the current matchings assigns an observed locationyj. The second
type of points areunmatched points, these are points which did not lead to an observation due
to thinning or displacement outside of the window. Thus the states of the chain are marked
point patterns. The mark indicates whether a point is unmatched or matched and in the latter
case it specifies the matched observation point. These marksare given by the matchings.
Points are born either as matched or unmatched points. A matched point can only become an
unmatched point if it dies and is reborn as unmatched. The analogous holds for unmatched
points. Changes in the current matchings occur when a matched point is born or dies.

Detailed balance holds if we choose a unit death rate for all points and birth rates as
follows. If the current configuration is(x; s) then the birth rate for unmatched points is given
by b� (x; s); (x [ f�g; s) � = �(x; �) hpZAc k(yj�)dy + (1� p)i; (4)

where�(x; �) is the Papangelou conditional intensity of the prior model.
Let s [ s(�) be the matching generated by adding to the existing matchings a matching

of the point� with an unmatched observed pointy of indexs(�). The birth rate for matched
points is given byb� (x; s); (x [ f�g; s [ s(�)) � = �(x; �) k(ys(�)j�) p� I[s[s(�)2Vjx[f�gj;jyj] (5)

for each freey-point. The indicator function in the last expression ensures that a matched
point � is only born if s(�) matches the point to an unmatched observation pointyj. In
particular matched points can only be born if there is an unmatched observation point. The
overall birth rate of a matched point� can be derived by marginalisation:b� x; (x [ f�g) � = �(x; �) p� Xj2NnN1 k(yj j�):
In the following we useXt = (xt; st) to denote the spatial birth-and-death process with the
above rates. Herext is a finite point pattern andst is the associated matching.

4 Coupling From The Past

Our perfect simulation algorithm is based on dominated Coupling from the Past [9, 10, 11, 7],
an extension of the original Coupling From The Past (CFTP) algorithm by Propp and Wilson
[23]. We begin with a short introduction to CFTP for finite Markov chains and then present
briefly the ideas of dominated Coupling From The Past. This isfollowed by a section which
develops a dominated Coupling From The Past algorithm for the posterior density given in
(2).

4.1 Coupling From The Past for a finite Markov chain

We present the Coupling From The Past algorithm using a simple example; further details can
be found in [23, 22].

Consider the Markov chainX on the integersf1; : : : ; 4g with transition matrixP = 0BB@ 0 0 1=2 1=20 1=2 1=2 01=2 1=2 0 01=2 1=2 0 0 1CCA
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We may simulate sample paths ofX using a fair coin. Whenever the coin comes up heads the
chain makes one of the following transitions depending on the current state of the chain:1 ! 4; 2 ! 3; 3 ! 2; 4 ! 2:
Alternatively, when the coin comes up tails the chain makes one of the transitions:1 ! 3; 2 ! 2; 3 ! 1; 4 ! 1:
Now, suppose we start a path in each of the four initial statesand simulate them simultane-
ously using the same coin tossCj for the transition at timej in all four paths. In this way we
produce coupled paths ofX started in all initial states. Observe that from time to timetwo
paths meet in the same state. Then these two paths merge, we say they coalesce. We can show
that in almost surely finite time all paths coalesce into one and we call this time the time of
complete coalescence.

Coupling From The Past samples the equilibrium distribution � of X using the following
simple, iterative procedure. In iterationk we go back to time�2k and perform the following
steps:

1. If k = 1 we toss a fair coin independently twice producing the realisationsC�2 andC�1. If k > 1 we toss a fair coin independently2k�1 times yielding coin toss realisa-
tionsC�2k , C�2k+1, : : : ; C�2k�1�1.

2. If k > 1 we prepend the new coin toss realisations to the sequence of coin toss re-
alisations from the previous iterations, thus obtaining the sequenceC�2k , C�2k+1,: : : ; C�1.

3. We start a path at time�2k in each initial state and simulate the paths until time 0 using
the coin toss realisationsC�2k ; C�2k+1, : : : ; C�1. Thus the state of each path at time�j + 1 is determined by the state at time�j and coin toss realisationC�j.

4. At time 0 we check whether all paths are in the same state, that is if all paths have
coalesced. If so, then their common state is a sample from�. If not, then we perform
another iteration of this algorithm.

Notice the order in which we make use of the coin toss realisations. It is important that
we reuse previously sampled realisations and that weprepend any newly sampled ones. Only
then is the output of the algorithm an exact sample from the equilibrium distribution. Figure
1 shows an iteration of the above CFTP algorithm in which coalescence occurs.

Suppose we reach complete coalescence in iterationL but nevertheless perform another
iterationL + 1. The reader may check that in iterationL + 1 we again obtain complete
coalescence at time 0 and furthermore, the common state of the paths at time 0 is the same
as the common state at time 0 in the previous iteration. This occurs because of the order in
which we construct our coin toss sequence. As complete coalescence is reached in almost
surely finite time,L is also almost surely finite.

Here is a simple proof why the above algorithm works. Supposewe performk iterations
of the above procedure. Now consider thekth iteration. LetY (k) denote the state at time 0 of
the path started in state 1. ThenY (k) has the distributionPN (1; �), whereN = 2k andPN
is theN -step transition matrix. Due to the ergodicity ofX we know thatPN (1; �) ! � asN ! 1. At the same time we know thatY (k) = Y (L) for k � L, whereL is defined as
above. It follows thatY (L) has distribution�.

The example illustrates the basic steps of CFTP:

1. Sample the randomness needed to simulate the target chainfrom time�T to time 0.
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Figure 1: A CFTP iteration in which the coupled sample paths of X have co-
alesced by time 0. We use the notationH for heads andT for tails. Observe
the anti-monotonicity of the transitions. The dotted linesshow the minimal and
the maximal path. Complete coalescence is achieved at time -2. However, we
continue to simulate up to time 0.

2. Start a path of the target chain in each initial state and simulate them till time 0 using
the sampled randomness.

3. Check whether complete coalescence has been achieved. Ifall paths have coalesced
into one, then their common state at time 0 is a perfect sample.

4. If coalescence has not been achieved yet, go backwards in time till �T �S and sample
the randomness needed to simulate paths from time�T � S to time�T . Prepend the
newly sampled randomness to the previously sampled randomness and proceed with
step 2.

When developing a CFTP algorithm it may be helpful to think interms of the following
heuristic. Suppose we could start the chainX at time�1 and simulate it up to time 0. Then,
due to the ergodicity ofX, the heuristic suggests that the state of the infinite time simulation at
time 0 has the equilibrium distribution. Now consider thekth iteration of the CFTP algorithm.
We assume that the randomness used in this iteration (in our exampleC�2k , : : : , C�1) is also
used in the final2k transitions of the infinite time simulation. Suppose that coalescence is
achieved in thekth iteration. As the infinite time simulation has to be in one of the initial
states at time�2k, at time 0 it has to be in the common state which the coalesced paths take
at time 0.

For large state spaces monitoring the coalescence of paths started in all initial states will be
prohibitively expensive. However, it may be possible to construct two paths, we call them the
minimal and the maximal path, which do not neccessarily evolve according to the dynamics of
the target chain but which sandwich between them the paths started in all initial states. Thus
coalescence of these two paths implies complete coalescence of the paths started in all initial
states. Let us return to our example on the integersf1; 2; 3; 4g. Supposef(x;C) describes the
state we reach if we make a transition from statex according to the coin tossC. The functionf together with the random variableC is called a transition rule. Close inspection shows thatf is montone decreasing (or anti-monotone) in its first argument. This fact can be exploited
to monitor coalescence efficiently using a maximal chain anda minimal chain as follows. In
thekth iteration we set the initial states asXmax�2k = 4 and Xmin�2k = 1
and then evolve the two paths till time 0 using the ruleXmax�j+1 = f(Xmin�j ; C�j) and Xmin�j+1 = f(Xmax�j ; C�j):
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Thus the minimal and the maximal chain evolve as a two-component chain in which the
updates of the one component are made according to the current configuration of the other
component. We call this construction, which was first used in[10] and further examined
in [6], a cross-over. In Figure 1 the reader can see how the minimal and the maximalpath
sandwich between them the paths started from all initial states.

4.2 Dominated Coupling From The Past

Foss and Tweedie [4] showed that the existence of a CFTP algorithm as developed in [23]
which produces output in almost surely finite time is equivalent to the Markov chain being
uniformly ergodic. However, many Markov chains of interest, in particular many spatial birth-
and-death processes, are not uniformly but only geometrically ergodic. We may still be able
to produce perfect samples from such chains, but we will needto use an extension of CFTP
which is calleddominated Coupling From The Pastor Coupling Into And From The Past, see
[9, 10, 11, 7].

In terms of the heuristic of an infinite time simulation dominated Coupling From The
Past is based on the following idea. Suppose we can find randombounds on the state which
the infinite time simulation takes at any fixed time. Now, say at time�2k we start coupled
paths of the target chain in all the initial states which are within the random bounds at that
time. We then evolve these paths till time 0 using the same randomness as the infinite time
simulation. Suppose these paths have coalesced into one at time 0, then our heuristic suggests
that their common state at time 0 is also the state of the infinite time simulation and thus has
the equilibrium distribution.

For spatial birth-and-death processes we have a natural lower bound, the empty set. Up-
per random bounds can be found by constructing a spatial birth-and-death processD which
stochastically dominates the target chainX so that given a path ofD we can produce a path
of X which at any time is bounded above byD. We can easily find such a processD by
choosing a spatial birth-and-death process with the same death rate asX but a higher birth
rate. We can then produce a path ofX from a path ofD by censoring some of the births inD. The following section will describe this construction in more detail for the target chain in
Section 3.2.

Perfect simulation for locally stable point processes is discussed in [11]. Our method
shows how to produce samples of marked point processes for which it is not possible first to
produce a perfect sample of the unmarked process and then to sample the marks. Our paper
carefully describes an implementation of dominated Coupling From The Past for a marked
point process such that the algorithm samples the joint distribution of points and marks.

5 Perfect simulation of the posterior density

5.1 The dominating process

Recall that the target spatial birth-and-death processX has two types of points, matched and
unmatched. Both types have unit death rates and their birth rates are given in (4) and (5).
Similar toX the dominating processD is a spatial birth-and-death process whose states are
marked point patterns(z; q). LikeX it consists of matched and unmatched points. Both types
of points have unit death rates inD. The birth rates ofD, however, are higher than inX. Let�� = supx;� �(x; �) where�(x; �) is the Papangelou conditional intensity of our prior model.
For all three prior models�� is well defined as all processes are locally stable, that is their
Papangelou conditional intensity is uniformly bounded.
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Unmatched points inD have a birth rate given bybD� (z; q); (z [ f�g; q) � = �� hpZAc k(yj�)dy + (1� p)i = �� f(�)
Thus the unmatched point component inD forms a time-reversible spatial birth-and-death
process whose stationary distribution is an inhomogeneousPoisson process with intensity
measure�� f(�). We may sample the stationary distribution by sampling a point patternz according to a homogeneous Poisson process of intensity�� and then retaining a point� 2 z with probability p RAc k(yj�)dy + (1 � p). This can be done by marking each point� with a uniform(0; 1) markU(�) and a point� sampled fromk(�j�) and then retaining� ifU(�) � 1�p or if U(�) > 1�p and� =2 A. By sampling the point� we avoid the calculation
of the integral

RAc k(yj�)dy. However, the integral is close to zero and thus�� f(�) is close
to�� (1�p). As this is much smaller than�� many points are thinned. Fortunately, we found
that this had only a very negligible effect on the speed of ouralgorithm.

In the following we use an auxiliary variableQ which assigns to each matched point inD an observational pointyj 2 Y . However, we do not require thatQ is a matching, that
is Q may assign more than one matched point to the same observational point. Thus the
dominating process lives on a state space which is an augmentation of the state space ofX.
We will motivate later why we do not restrictQ to be a matching. We callQ an ‘assignment’
to contrast it from a matching. Matched points inD have a birth rate which is defined bybD� (z; q); (z [ f�g; q [ q(�)) � = �� p� k(yq(�)j�);
whereq is an assignment. The overall birth rate of a matched point� in D is obtained by
marginalisation:bD� z; z [ f�g � = �� p� Xj2N k(yjj�) = �� p� h(�):
Thus, the matched point component is a time-reversible spatial birth-and-death process whose
stationary distribution is an inhomogeneous Poisson process with intensity measure��p��1h(�).
The stationary distribution of the matched points thus may be interpreted as a cluster process
with the observation points as the cluster centres. The cluster aroundyj has a Poisson num-
ber of daughters with mean��p��1 RA k(yj j�)d� and the daughters are scattered according
to a Normal distribution around the cluster centers. So to sample the stationary distribution
we sample for each observation pointyj a Poisson number of daughters with mean��p��1
normally distributed around the observation point with mean yj � � and covariance�. We
then censor any of these daughters that fall outside the observation window. Finally, the
assignment then marks each point in the cluster pattern withthe index of its parent point.

As the stationary distributions of both of the two components of D are easy to sample
we can simulateD in equilibrium. Moreover, if we startD in equilibrium we may produce a
path ofD on a time interval[�T; 0] by simulatingD on [0; T ] and then simply reversing the
path in time. This also provides us with an easy way of extending a given path ofD on a time
interval [�T; 0] to a path on[�T � S; 0]. We just simulateD from timeT forwards till timeT + S and then reverse the path in time.

5.2 The target chain

We may derive a path of the target chainX from a path ofD on a time interval[�T; 0] as
follows. We first mark each birth timet of D with a markMt which is uniform on the unit
interval. At time�T we startX in the empty set. Then we evolveX from time�T to time
0 in synchrony withD according to the following rules:
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1. Whenever we have a birth of an unmatched point� in D, we check whether the markMt of this birth timet satisfiesMt � �(Xt�; �)�� ;
whereXt� is the configuration ofX immediately prior to timet. If the above is sat-
isfied, then the unmatched point� is also born inX at timet. Otherwise, there is no
transition inX at timet.

2. Suppose at timet we have the birth of a matched point� in D which is assigned to
observation pointyq(�). Then we check whether the markMt of this birth timet satisfiesMt � �(Xt�; �)�� :
We furthermore check whether the observation pointyq(�) is not matched inXt�. If
both conditions are satisfied, then the matched point�, which is matched withyq(�), is
born inX at timet. Otherwise no transition takes place inX at timet.

3. Finally, consider a death timet of D. Here we simply check whether the point� whose
death time ist is inXt�. If so, it dies inX at timet. OtherwiseX does not change at
time t.

Note that we also could have evolvedX according to the above set of rules if it had
started in any admissable subset of the configuration ofD at time�T . We call the marked
point pattern(x; s) a subset of the marked point pattern(z; q) if

1. the unmatched points in(x; s) are a subset of the unmatched points in(z; q),
2. the matched points in(x; s) are a subset of the matched points in(z; q),
3. any point in(x; s) that according tos is assigned to the observation pointyj is also

assigned toyj by q.
We call (x; s) an admissable subset of(z; q) if s is a matching, that is it assigns at most
one point to any observation point. Note that any subset of anadmissable subset is also
admissable. We denote the subset relation for marked point pattern by� and the admissable
subset relation by�.

If we evolveX as above, then marginally it behaves like a spatial birth-and-death process
with unit death rates and the following birth rates. Unmatched points are born at rateb� (x; s); (x [ f�g; s) � = �� hpZAc k(yj�)dy + (1� p)i � �(x; �)��
which is identical to the rate given in (4). Matched points inthe above construction are born
at a rateb� (x; s); (x [ f�g; s [ s(�)) � = �� p�k(ys(�)j�)� �(x; �)�� I[s[s(�)2Vjx[f�gj;jyj]
which is the same rate as in (5). Notice that if we only permit one matched point per observa-
tion point inD andD is currently in state(z; q), thenX would have birth ratep� �(x; �) k(ys(�)j�) I[q[s(�)2Vjz[f�gj;jyj] I[s[s(�)2Vjx[f�gj;jyj]= p� �(x; �) k(ys(�)j�) I[q[s(�)2Vjz[f�gj;jyj]:
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However this does not coincide with the target birth rate in (5). This is because we assume
the configurationXt = (x; s) to be an admissable subset ofDt = (z; q). Thus the number
of unmatched observation points in(x; s) is higher than in(z; q) and so the restriction ons [ s(�) to be a matching is less stringent than the one thatq [ q(�) is a matching.

Suppose that at time�T the chainX is started in an admissable subset of the configura-
tion D�T . Then points inX are only born if they are born inD and points which die inD
also die inX and so the configuration ofX at any timet � �T is also an admissable subset
of Dt.

In order to get the intuition on how to sampleX in equilibrium using dominated Coupling
From The Past consider again the heuristic of an infinite timesimulation ofX. Suppose the
infinite time simulation ofX is derived from an infinite time simulation ofD. Then the
configuration of the infinite time simulation ofX is at any time an admissable subset of
the current configuration of the infinite time simulation ofD. If we sample a path ofD
in equilbrium on the time interval[�T; 0] then we heuristically may interpret this path as a
realisation of the infinite time simulation ofD. But then, if we start a path ofX at time�T in
every admissable subset of the configurationD�T and they all coalesce by time 0 then their
common state at time 0 is the state of the infinite time simulation ofX at time 0 and thus has
the target equilibrium distribution. Of course, this is just a heuristic; a formal proof follows
in Section 5.4.

It would be rather expensive to start a path ofX at time�T in every admissable subset
of D�T . Instead, similar to the finite state space case, we will construct a minimal and a
maximal path whose coalescence implies the complete coalescence of the paths started in
every admissable subset ofD at the starting time.

5.3 The maximal and the minimal process

Consider the acceptance rules for births inX. For unmatched points we check whether��Mt � �(x; �). Clearly, the larger the Papangelou conditional intensity�(x; �) of the prior
model the easier it is to satisfy this condition. But for a Poisson prior or a repulsive process
like our other two prior models we have�(x; �) � �(z; �) if x � z. Thus the acceptance rule
for unmatched points is anti-monotone, that is the smallerx with respect to the subset relation
the more likely it is that a birth of an unmatched point� is accepted.

For matched points we check two conditions when deciding whether to accept a birth inX. The first condition is the same as the condition for unmatched points and therefore anti-
monotone. For the second condition consider two configurations(x; s) and(z; q) of X where
the first is a subset of the latter. Now, ifs(�) = q(�) thenI[s[s(�)2Vjx[f�gj;jyj] � I[q[q(�)2Vjz[f�gj;jyj]
because the unmatched observation points in(x; s) are a superset of the unmatched observa-
tion points in(z; q). It follows that the acceptance rule for births of matched points is also
anti-monotone.

Because the acceptance rules for births are anti-monotone,we can use a cross-over to
define a maximal and a minimal chain. Suppose we have a stationary realisation ofD on[�T; 0]. Then we produce a realisation of the minimal and the maximalchain as follows. LetXmax(�T ) andXmin(�T ) denote the maximal respectively the minimal chain started at time�T . We set Xmax(�T )�T = D�T and Xmin(�T )�T = ;:
We then evolve the two chains as follows.
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1. Whenever we have a birth of an unmatched point� in D, we check whether the markMt of this birth timet satisfiesMt � �(Xmax(�T )t� ; �)�� ;
in which case� is born at timet in Xmax(�T ) andXmin(�T ). If the above condition is
not satisfied we check whetherMt � �(Xmin(�T )t� ; �)�� :
Note that this is a less stringent condition. If it holds thenthe unmatched point is born at
time t only in Xmax(�T ). The minimal process does not have a transition. If the latter
condition is not satisfied then neither the maximal process nor the minimal process
change at timet.

2. Suppose that at timet we have the birth of a matched point� in D which is assigned to
the observation pointyq(�). We first check whetherMt � �(Xmax(�T )t� ; �)��
and furthermore whether the observation pointyq(�) is not matched inXmax(�T )t� . If
both conditions are satisfied then the matched point� is born at timet both in the max-
imal and the minimal chain where it is matched toyq(�). If not both of the conditions
are satisfied then we check whetherMt � �(Xmin(�T )t� ; �)��
and, moreover, whether the observation pointyq(�) is not matched inXmin(�T )t� . If these
two conditions are satisfied, then the unmatched point� is born in the maximal path at
time t but not in the minimal path. Note that this procedure allows the maximal path to
have several matched points which are assigned to the same observation point. If one
or two of the latter two conditions are not satisfied no transition takes place at timet in
either the maximal or the minimal chain.

3. Finally, consider a death timet of D. Here we simply check whether the point� whose
death time ist is in the maximal respectively the minimal path. Then the point � dies
in either path subject to its existence.

As mentioned before, the maximal process like the dominating chain can have more than one
matched point for a given observation point. This is motivated by the following. We would
like the configuration of the maximal process to be a supersetof the configurations of all paths
of X started in an admissable subset ofD and evolved according toD. Depending on their
initial configuration these paths will have a point matched to a particular observation point at
different times and these times may overlap. Thus the union of all the configurations of all
these paths at a given time may contain more than one matched point per observation point.
This is why we also allow such configurations in the maximal process. The minimal process,
however, has only ever one matched point for any observationpoint.

The above construction of the minimal and the maximal process ensures thatXmin(�T )t � Xmax(�T )t � Dt for all t 2 [�T; 0]: (6)
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This follows from the fact that transitions in the minimal and the maximal chain are a subset
of transitions inD, and, moreover, that births inD are more often censored inXmin(�T )t than

in Xmax(�T )t .
Given a realisation ofD on [�T � S; 0] the maximal and the minimal process have the

following funneling property [8]:Xmin(�T )t � Xmin(�T�S)t � Xmax(�T�S)t � Xmax(�T )t for all t 2 [�T; 0]: (7)

The above statement clearly holds fort = �T as; � Xmin(�T�S)t � Xmax(�T�S)t � D�T :
Moreover, ifXmin(�T )t� � Xmin(�T�S)t� then, due to the anti-monotonicity of the acceptance

rule for births, a birth is more often accepted inXmax(�T )t than inXmax(�T�S)t . Simi-

larly if Xmax(�T )t� � Xmax(�T�S)t� then a birth is less often accepted inXmin(�T )t than inXmin(�T�S)t and so births preserve the ordering between the four processes. As a death of a
point inD induces the death of the point in any of the four processes subject to its existence
it follows that deaths also preserve the partial ordering and so statement (7) holds.

The construction of the maximal and the minimal process is such that once their paths
meet they remain identical, that is ifXmin(�T )t = Xmax(�T )t for somet 2 [�T; 0]
then Xmin(�T )u = Xmax(�T )u for all u 2 [t; 0]:
Notice that because the minimal path is always in an admissable subset of the dominating
chain, the maximal path also has to be in an admissable subsetwhen it coalesces with the
minimal path. Once the two paths coalesce the evolution construction for the minimal and
the maximal process reduces to the same construction as in Section 5.2 and so the two pro-
cesses then have the same birth and death rates as the target chain. A sufficient condition forXmin(�T )t andXmax(�T )t to coincide is thatDt = ;. Define the coalescence timeTC asTC = minfT � 0 : Xmin(�T )0 = Xmax(�T )0 g
then it follows thatTC � TD whereTD = minft � 0 : D�t = ;g. As TD is almost surely
finite it follows thatTC is also almost surely finite. In practice,TC is usually much smaller
thanTD.

Our aim in constructing the minimal and the maximal process was to enable the efficient
monitoring of the paths of the target chain started at time�T in all admissable subsets ofD�T and evolved in accordance toD as described in Section 5.2. Thus we have to make sure
that the paths of the minimal and the maximal process startedat time�T sandwich between
them all the relevant paths of the target chain. LetX�T be the path the target chain started in
state(x; s) � D�T . Then; = Xmin(�T )�T � X�T�T � Xmax(�T )�T = D�T :
Now observe that if Xmin(�T )t� � X�Tt� � Xmax(�T )t�
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then �(Xmin(�T )t� ; �) � �(X�Tt� ; �) � �(Xmax(�T )t� ; �):
Moreover, the free observation points inXmin(�T )t� are a superset of the free observation points

in X�Tt� which themselves are a superset of those inXmax(�T )t� . By examining the acceptance
rule for births we deduce that any point that is born in the path of the target chain is also
born in the path of the maximal process and any point that is born in the path of the minimal
process is also born in the path of the target chain. Thus the partial ordering between the three
processes is preserved by any transition and the following sandwiching property holdsXmin(�T )t � X�Tt � Xmax(�T )t : (8)

5.4 The perfect simulation algorithm

The perfect simulation algorithm now works as follows. We simulate a stationary version ofD on [�T; 0]. Then we simulate the maximal and the minimal process as described in Section
5.3 and check whether their states at time 0 coincide. If so, we return their common state as a
sample from the equilibrium distribution. If not we extend the stationary path ofD on [�T; 0]
to a stationary path on[�T �S; 0]. Again, we simulate the maximal and the minimal process,
now on the time interval[�T � S; 0], and check for coalescence. We proceed in this iterative
manner until the minimal and the maximal path have coalescedat time 0 and then return their
common state as a sample from the target posterior density. Recall thatTC = minfT � 0 : Xmin(�T )0 = Xmax(�T )0 g
is almost surely finite and so we deduce that the above procedure produces output in almost
surely finite time whenS is uniformly (across iterations) bounded away from zero.

Usually a doubling strategy as described in [23] is used. This means that the timeS by
which we extend the dominating chain backwards in time in each iteration is equal to the
time T already gone back. We have also adopted the doubling strategy in our algorithm. A
complete pseudo-code description for the CFTP algorithm can be found in Appendix A.

Theorem 5.1 The constructed CFTP algorithm produces exact samples of the posterior den-
sity given in (2).

The following proof is a special case of the proof in [11, Theorem 3.1].
Proof: We know thatTC is almost surely finite and so the limit ofXmax(�T )0 asT !1

exists. Note that due to the funneling property (7) we know thatlimT!1Xmin(�T )0 = limT!1Xmax(�T )0 = Xmax(�TC)0 :
SupposeX�T denotes a path of the target chain started at time�T in the empty set and
evolved coupled toD. Then the sandwiching property (8) ensures thatlimT!1X�T0 = limT!1Xmax(�T )0 = Xmax(�TC)0 :
Now suppose we start the target chainX at time0 in the empty set and evolve it forwards till
timeT when it is in stateXT . ThenL(XT ) = L(X�T0 ), whereL(Y ) denotes the distribution
of Y . The ergodicity ofX implies thatlimT!1L(X�T0 ) = limT!1L(XT ) = �;
where� is the target posterior distribution as given in (2). It follows thatXmax(�TC)0 =limT!1X�T0 has the equilibrium distribution. 2
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6 The observed point process obtained from template matching

The data analysed originate from aerial photographs of a thinning experiment of Norway
spruce (Picea abies(L.) Karst.), see [1, 2] for detailed descriptions of the experiment and
image acquisition. The observed point processY = (Y1; : : : ; Yn) with n = 206 points was
obtained by template matching [13]. This data set together with the ‘true’ tree top positionsX = (X1; : : : ;Xm) with m = 171 was analysed in [15] with focus on the conditional
likelihood L(Y jX). In the present paper we study the posterior distribution ofX given the
observation ofY . We assume the knowledge of the prior distribution ofX and of the condi-
tional likelihoodL(Y jX) but not of the true positions of theX-points. TheX- andY -points
are shown in Figure 2.

100 200 300 400 500 600 700

100

200

300

400

500 171 ’true’ tree tops
206 candidates

Figure 2: 171X-points (centres of circles) corresponding to ‘true’ tree tops and
206Y -points (dots) corresponding to template matching. The area of the delin-
eated subplot is 4 454 m2, and the unit of the axes is linear pixel size, 0.15 m.
In the practical calculations we have used the convex borderfor convenience,
and have thus increased the area with2:12% to 164314:8 pixels from160898:5
pixels. This increase is mainly in the lower left corner.

The analysis in [15] yielded the parameter estimates summarized in Table 1 which we
used to specify the conditional likelihoodL(Y jX) in this paper.

Lund et al. [14] analyse the unobserved point patternX using a conventional forward
Metropolis-Hastings sampler. Besides a thorough Bayesiananalysis the authors also provide
a discussion of the choice of the prior.
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� p � �1 �2 �21 �22 �1�2�
Estimate 0:941 0:0002745 �0:342 0:0815 1:047 2:028 �0:0489

Table 1: Parameter vector� = (p; �; �1; �2; �21 ; �22 ; �) used in the analysis.

7 Discussion

In the present paper we have shown an example of how to produceexact samples of a marked
Markov point process whose marks cannot be sampled a posteriori. This means that it is not
possible to sample first the unmarked point process and subsequently the marks.

As an example, Figure 3 shows a perfect sample from the posterior distribution where
the prior has a logistic interaction function with the parameters�jAjd = 175, R = �3 and� = 0:462. This results inH(�3) = 0:5 andH(0) = 0:8. This simulation took 72 minutes
to produce output.

A perfect simulation
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171 ’true’ tree tops
206 candidates
173 sim X points (164 matched)

Figure 3: A perfect sample from the posterior distribution where the prior
distribution has a logistic interaction function with parameters�jAjd = 175,H(�3) = 0:5, R = �3, andH(0) = 0:8.

Our algorithm uses dominated Coupling From The Past appliedto a spatial birth-and-
death process. A dominating process is constructed by augmenting the state space of the
target chain. As an illustration of the CFTP algorithm our Figure 4 shows the number of
points in the dominating chain as well as in the maximal and inthe minimal processes.

Given a perfect sample of the posterior distribution we may now continue to perform a
full Bayesian analysis similar to Lundet al. [14]. Thus our algorithm is an illustration of how
to use CFTP in a real life statistical inference problem. Forother examples see [20, 16, 17].
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CFTP

Simulation time
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390550 transitions in D from time −128 to 128
215975 proposed events in D from 0 to 128
195037 transitions in D from 0 to 128
44102 transitions in X from 0 to 128
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Figure 4: The number of points in the dominating chain, and inthe upper and
lower processes. The dominating chain and the target chain are continued for-
wards from time 0. We see that the coalescence timeTC is between 64 and 128.
The figure specifies the number of transitions of some of the paths shown. The
number of “proposed events” inD includes for instance proposals of unmatchedX-points that are not added to the dominating chain. The number of transitions
counts the number of times a path changes it configuration.
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We would have liked to use our CFTP algorithm for priors with the same parameters as
in [14]. Unfortunately, our algorithm turned out to be too slow to be useful for the priors
in [14] as the current implementation produces samples in reasonable time only for less re-
pulsive priors. For instance, a logistic prior with parameters�jAjd = 530, H(0) = 0:05, andR = 15, which has much stronger repulsion than the one used for Figure 3, was used in [14].
The reason why our algorithm does not produce output in reasonable time for such a prior is
as follows. With this more repulsive prior the number ofX-points attached to eachY -point
in the dominating chain has a mean of� ��p��1 = 11:1. This causes the difference between
the dominating chain and the target chain to become so large that coalescence of the CFTP
algorithm is not achieved in reasonable time. In order for the upper and lower processes to
coalesce we have to add points in the minimal process and delete (and not re-add) points in
the maximal process. However, as long as the lower process isin the empty set most of the
points proposed by the dominating chain are added to the upper process. On the other hand,
it is very difficult to add points to the lower process becausethe upper process (still similar
to the dominating process) contains far too many points points compared to the desired target
density. Specifically, aY -point has to have no associatedX-points in the upper chain in order
to add a matched point in the lower process. If the mean numberof matched points in the
dominating chain perY -point is 11, then the probability of having 0 matchedX-points is as
small as1:67 � 10�5.

Typically, if we use a prior that is more repulsive than the one used for Figure 3 and
Figure 4 we observe that the minimal and the maximal process approach each other quickly.
However, after an initial “burn in” period they do not get anycloser but rather behave like
stationary processes at certain distinct levels.

Van Zwet [26] in collaboration with Van Lieshout developed an iterative CFTP algorithm
which samples a conditional Boolean model and is more efficient than the analogous algo-
rithm developed in [12]. We have investigated whether similar ideas could be used in our
setting. Unfortunately, we found that the method was not amenable to Markov point pro-
cesses.

The main cause of the inefficiency of our algorithm is that we allow the dominating pro-
cess to have multiple matched points for each observation point. We suspect that the num-
ber of matched points per observation point may be reduced byreusing previously sampled
matched points. We are planning to investigate this in future research.

Acknowledgement:
Elke Thönnes gratefully acknowledges the support by the EU TMR network ERB-FMRX-
CT96-0096 and the Stochastic Centre at Chalmers University.

A Appendix: Pseudo-code for the algorithm

This appendix describes the perfect simulation algorithm in detailed pseudo-code.

A.1 Dominating process

We give a pseudocode description of how to simulate the dominating process given the pa-
rameter� = (p; �; �1; �2; �21 ; �22 ; �) and the noisy observationY = y. We start simulating
at time 0 and simulate backwards in time till time�T . The first step is to simulate the initial
pattern and the associated birth times. The typem is a matched point, the typeu stands for
an unmatched point. Furthermore we writejAj for the area ofA and setN = f1; : : : ; ng.
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Comments within the program are marked with the sign %. In thealgorithm the realisa-
tion of the dominating process is specified by a multi-dimensional variable composed ofD:type;D:loc;D:life;D:birth coding the type, location, life time and birth time of each
point. The variableD:s specifies the matched observation point, where appropriate. Each
birth time is marked withD:mark. Poisson(a) produces a Poisson variable of meana
andExponential(a) produces an exponential variable of ratea that is of meana�1. Fi-
nally, the procedureNormal(z) produces a point which is normal with meanz � � and
covariance�.

Algorithm (1)
Initial(�?; jAjd; �; y,seed):

set.seed(seed)
% Initial matched and total number of pointsM1(0) � Poisson(n�? p ��1)M(0) � Poisson(�?jAjd)M(0) M(0) +M1(0)
% Marks, locations, life- and birth-times of initial points.

for i = 1 to M1(0)D:type(i) mD:s(i) � Uniform(N)D:loc(i) � Normal(yD:s(i))D:life(i) � Exponential(1)D:birth(i) �D:lifeD:mark(i) � Uniform([0; 1])
if D:loc(i) 62 A, then delete this point.

for i = M1(0) + 1 to M(0)� � Uniform(A)q � Uniform([0; 1])z � Normal(�) + 2�
if

�q � (1� p)� or
�(q > 1� p) and (z =2 A)�

then D:type(i) uD:loc(i) �D:life(i) � Exponential(1)D:birth(i) �D:lifeD:mark(i) � Uniform([0; 1])
return(D)

The algorithmD-Extend may be used to extend an existing simulation ofD on [0;�T ]
backwards until some time�T � S. Specifically, you may call it withT = 0 and the
initial patterns produced as above. The variableEvent1 records the next death time of an
unmatched point, the variableEvent2 records the next death time of a matched point. The
birth time is then the death time minus the exponential lifetime. The variablenextEvent is
the waiting time between two successive death events.

Algorithm (2)
D-Extend(�?jAjd; �; y; T; S;D,Event1,Event2):
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% Evolution of unmatched pointsi highest index in D
event  Event1

while
�
event > �T � S �i i+ 1� � Uniform(A)q � Uniform([0; 1])z � Normal(�) + 2�

if
�q � (1� p)� or

�(q > 1� p) and (z =2 A)�
then D:type(i) uD:loc(i) �D:life(i) � Exponential(1)D:birth(i) event�D:life(i)D:mark(i) � Uniform([0:1])

nextEvent � Exponential(�?jAjd)
event  event - nextEvent

Event1  event
% Evolution of matched points

event  Event2

while
�
event > �T � S �i i+ 1D:type(i) mD:life(i) � Exponential(1)D:birth(i) event �D:life(i)D:s(i) � Uniform(N)D:loc(i) � Normal(yD:s(i))D:mark(i) � Uniform([0; 1])

if D:loc(i) 62 A, then delete this point.
nextEvent � Exponential(n �? p ��1)
event  event - nextEvent

Event2  event
return(D,Event1,Event2)

A.2 The target chain

In the following we present an algorithm which produces a realisation of the target chain from
a realisation of the dominating process. Thus the target chain is an adapted functional of the
dominating process. For the following algorithm we assume that we have a realisation of the
dominating processD on the time-interval[�T; 0]. The realisation is coded in an ordered list
of events�T < t1 < t2 < : : : < tn < 0. For each eventti we know whether it is a birth or a
death and which pointk of D it concerns, that is we knowD(k) = �D:type(k); D:loc(k); D:life(k); D:birth(k); D:mark(k); D:s(k)�:
The target chain is started in the empty pattern.

Algorithm (3)
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X-Evolve(D):
% Derives a realisation of X from a realisation of DX  ;
for i = 1 to n

if
�ti = D:birth(k)�
if

�D:type(k) = u� and
�D:mark � �(X;D:loc(k))�� �

then X  X [D(k)
if

�D:type(k) = m� and
�D:mark � �(X;D:loc(k))�� �

and
�D:s(k) is index of unmatched y-point in X �
then X  X [D(k)

if
�ti = D:birth(k) +D:life(k)� and

�D(k) 2 X�
then X  XnD(k)

return(X)

The algorithmX-Evolve is not directly used in the perfect simulation algorithm, but is
described here for completeness.

A.3 The minimal and the maximal process

Here are the algorithm for the minimal and the maximal process which are evolved accord-
ing to a cross-over because we have a repulsive prior distribution. Coalescence of the two
processes means that we can accept their common state at time0 as an exact sample.

Algorithm (4)
MinMax-Evolve(D;��):

% Produces a realisation of the minimal and maximal
% process from a realisation of DMIN  ;MAX  configuration of D at time �T
for i = 1 to n

if
�ti = D:birth(k)� and

�D:type(k) = u�
if

�D:mark � �(MAX;D:loc(k))�� �
then MIN  MIN [D(k) and MAX  MAX [D(k)

else if
�D:mark � �(MIN;D:loc(k))�� �

then MAX  MAX [D(k)
if

�ti = D:birth(k)� and
�D:type(k) = m�

if
�D:mark � �(MAX;D:loc(k))�� �

and
�D:s(k) free in MAX �

then MIN  MIN [D(k) and MAX  MAX [D(k)
else if

�D:mark � �(MIN;D:loc(k))�� �
and

�D:s(k) free in MIN �
then MAX  MAX [D(k)

if
�ti = D:birth(k) +D:life(k)�
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if
�D(k) 2MIN� then MIN  MINnD(k)

if
�D(k) 2MAX� then MAX  MAXnD(k)

return(MIN;MAX)

A.4 The CFTP algorithm

Algorithm (5)
CFTP(��; �; y,seed):

coalescence  FALSET  0�?jAjd  ��jAjD  Initial(�?jAjd; �; y,seed)
Event1 � Exponential(�?jAjd)
Event2 � Exponential(n �? p ��1)
Event1  - Event1
Event2  - Event2

while
�
coalescence = FALSE

�S  max(T; 1)(D;Event1,Event2) D-Extend(�?jAjd; �; y; T; S;D;Event1,Event2)(MIN;MAX) MinMax-Evolve(D; ��)T  T + S
if

�MIN = MAX� then coalescence  TRUE

return(MIN)
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